In this paper, a spectral method based on the rational Legendre functions is discussed to approximate the solution of the boundary layer flow of an Eyring-Powell non-Newtonian fluid over a stretching sheet. At first, because of the model is a nonlinear ordinary differential equation, we construct a sequence of linear ordinary differential equations (ODEs) by using the quasilinearization method (QLM). By applying QLM on the ODEs at each iteration, the equations convert to a system of linear algebraic equations. The present results have shown the high attention and convergence of our method, and the residual error of the present results are very small. In addition, the effect of the Eyring-Powell fluid material parameters is explained.
Introduction
Considering the engineering and technological applications one of the most increasing interest for the last few decades the flows of non-Newtonian fluids. Continuous stretching of plastic films, artificial fibers, metal extrusion, glass blowing are some important applications in industries [1] . In length manufacture of these sheets, the melt issues from a slit and is subsequently stretched to achieve the desired thickness. The mechanical properties of the final product strongly depend on the stretching and cooling rates in the process [2, 3] . Industrial applications, such as combustion systems, metallurgy, nuclear reactor safety, solar collector and chemical engineering are some of applications of stretched flows in different engineering and industrial applications [4] . Crane [5] at first studied the steady boundary layer flow of the incompressible flow. There are two types of fluid whose flows are investigated: Newtonian and non-Newtonian. The Newtonian law is the only unique relationship existing in the paper [6] . Significant contributions to the study of non-Newtonian fluid models with a diversity of rheological properties have been made by Harris [7] and Bird et al. [8] . Mathematical systems for non-Newtonian fluids are of higher order and intricate in comparison to the Newtonian fluids. The nonNewtonian fluid models differ in their intricacy and capability to catch different physical phenomena. Different models are used to represent different characteristics of the non-Newtonian fluids because no single model can capture all the features of the non-Newtonian fluids complexities [6, 9] . Non-Newtonian fluids gained much attention due to their various applications in physiological and industrial processes [10] such as coal water, jellies, toothpaste, ketchup, and food products [6] . The analytic/numerical studies of non-Newtonian fluids models show exciting challenges to mathematicians, physicists, numerical simulists and modelers [11] . One of the most important models for non-Newtonian fluids is the EyringPowell model. Eyring-Powell model deduced from kinetic theory, can be reduced to the Newtonian behavior for low and high shear rates. Takhar et al. [12] studied the MHD flow and mass transfer in a viscous fluid over a stretching surface. In addition, the flow and heat transfer of the Powell-Eyring fluid in the boundary layers on an exponentially stretching continuous permeable surface was studied by Megahed [13] . Newly, researches on the Lie group analysis in the field of fluid science to encountered heat and mass transfer effects simultaneously have been done [14] and also Ellahi et al. [15] worked on the MHD flow of an Eyring-Powell fluid between parallel heated plates by pseudo-spectral collocation method. Also, the studies have been done which aims to investigate the effects of magnetic field and anisotropic slip on the flow of EyringPowell fluid and heat transfer over an infinite rotating disk [16] , the research on the deals with the fully-developed two-layer Eyring-Powell fluid in a vertical channel divided into two equal regions have been done [17] , and the double diffusive Darcian convection flow of Eyring-Powell fluid from a cone embedded in a homogeneous porous medium with the effects of Soret and Dufour has been studied [18] . Nonlinear problems are important in fluid mechanics and heat transfer. These nonlinear equations should be solved using numerical methods as most of them do not have analytical solutions. To approximate linear and nonlinear ordinary differential equations (ODEs) The collocation approaches based on variant functions, such as radial basis functions(RBF), Laguerre functions, etc., have been used in various sciences like astronomy, physics, and biology [19] . The rational Legendre functions are the most useful orthogonal functions, which are very efficient for solving different problems in the finite and semi-infinite intervals as they can approximate the solutions with high accuracy [20] [21] [22] [23] . In this paper, we want to study the boundary layer flow of an Eyring-Powell fluid over a stretching sheet in an unbounded domain by the rational Legendre functions collocation method with the QLM to find an approximate solution for the problem. In the continue, this paper are organized as follows: in section 2, we express the mathematical model and in section 3, preliminaries are explained. Section 4 contains the numerical solution of the problem. Afterward, numerical results are explained in section 5. The conclusion is presented in the last section.
Mathematical model of the problem
For the incompressible fluid obeying Eyring-Powell model, the equation of continuity and the x-momentum equation can be simplified using the boundary layer approximation as (see Fig. 1 ) [2] : ∂u ∂x
By following boundary conditions:
We proceed for solutions through stream function satisfying bellow:
and
In addition, η is defined as
The following equation is obtained using the above equations:
where ε and δ, the material fluid parameters, are defined as:
The boundary conditions for Eq. (6) are defined as follows:
In the above model, µ is the dynamic viscosity of the fluid, ρ is the fluid density, α = µ ρ is the kinematic viscosity of the fluid, H and β are the material parameters, b is the linear stretching velocity, Uω is the stretching velocity, and ε and δ are the non-dimensional fluid parameters.
In the next section, the solution to Eq. (6) will be approximated by the rational Legendre functions collocation method.
Preliminaries
In this section, the Legendre polynomials, the rational Legendre functions, and the QLM method are explained.
Rational Legendre functions
Legendre polynomials are orthogonal in the interval [−1, 1] with respect to the weight function w(x) = 1 and can be specified by the help of the following recurrence formula [24] :
Legendre polynomials are orthogonal on the interval [−1, 1]:
The new basis functions, denoted by RPn(x), are explained as:
where the constant parameter L sets the length scale of the mapping. Boyd in page 377 of his famous book [25] offered guidelines for optimizing the map parameter L for rational Chebyshev functions: "The experimental trial-anderror method", that is also useful for rational Legendre functions.
The nth eigenfunction of the singular Sturm-Liouville problem is RPn(x):
and by Eq. (8), they satisfy in the following recurrence relation:
The quasilinearization method
Quasilinearization method (QLM) is a technique to find a solution for nonlinear n-th order differential equation, ordinary or partial, in N dimensions as a limit of a sequence of linear differential equations [26] . Bellman and Kalaba expanded this method at first, which is based on the Newton-Raphson method [27] . Also, the best property of this approach is its quadratic convergence [28] [29] [30] .
We suppose to have a nonlinear differential equation on domain [0, ∞) as follows:
and the boundary conditions:
where A, B, C are real constants. The solution of Eq. (9) determines by using the QLM as a solution of the linear ODE at (i +1)-th iterations as follows:
and the boundary conditions
where the functions
, and the prime explains the ordinary derivative with respect to η, and n = 0, 1, · · · . The QLM iteration needs an initialization or initial guess y 0 (η) that it is chosen from physical and mathematical considerations or the boundary conditions in the equation. Furthermore, Mandelzweig and Tabakin in their paper [26] have fully studied the convergence of the QLM and they showed that QLM is convergent from rate O(h 2 ), and also Canuto et al. [31] have proved the stability and convergence analysis of spectral methods.
Application of the method
In this section, we solved the equation (6) by QLM based on rational Legendre collocation method. First, by using QLM, the solution of Eq. (6) specifies the (i + 1)-th iterative approximation g i+1 (η) as a solution for the following linear ODE (i = 0, 1, · · · ):
Furthermore, the boundary conditions are defined as follows:
At the beginning, we need an initial guess for the QLM, so we considered as g 0 (η) = η which satisfies some of the boundary conditions of the problem. Mandelzweig and Tabakin [26] have shown that if the initial guess is true in one of the boundary conditions then the QLM is convergent. We approximate the function y(η) defined over a semiinfinite interval as follows:
where a j is the unknown coefficient. By truncating Eq. (13) in the N-th period, we have:
where
. Due to the Eq. (14), g i+1 (η) can be defined as follows:
Eq. (15) satisfies the boundary conditions (Ritz method), other than g′ i+1 (∞) = 0. We consider a sufficiently large number M and suppose g ′ i+1 (M) = 0 to satisfy the last boundary condition. In this paper, we assumed M is equal to the largest root of RP N (η) on the domain (0, ∞). Eq. (15) is replaced in Eq. (11); so, the residual function is obtained.
In this paper, the roots of RP N (η) are considered as the collocation points. By collocating the points in residual function, a system of N linear algebraic equations is obtained. We approximated the function g by solving this system.
Numerical results and discussion
In this part, the numerical simulation and the results are presented. Moreover, the effects of the non-dimensional fluid parameters on the derivatives of the dimensionless stream function are shown. shown. An approximation of the optimal value of L is calculated by the experimental trial-and-error method which is provided in page 377 from Ref. [25] . Fig. 3 demonstrates the logarithm residual errors for N=20, 50 and 60 in the 20-th iteration. We can see that by increasing the number of collocation points, the values of residual errors are decreasing. Since the residual errors are very close to zero, it is obtained that the presented method has a high accuracy, and also the method is convergent and that means by increasing collocation points the values of residual errors tends to zero. In Fig. 4 , the effects of the value of ε on g ′ (η), g ′′ (η) with δ = 0.1 are shown. 
Conclusion
In this paper, the rational Legendre functions (RLFs) collocation method has been presented for solving a nonlinear ordinary differential equation in a semi-infinite interval. The explained problem is the boundary layer flow of a non-Newtonian fluid over a linear stretching sheet. The quasilinearization method is discussed to convert the equation to a sequence of linear differential equations. This sequence is solved by the rational Legendre collocation method. The residual errors and the results indicate the highly admitted accuracy and convergence of the proposed method. The present method has some advantages, for example:
• The effects of non-Newtonian fluid material parameters are investigated on the velocity and stress profiles of a non-Newtonian Eyring-Powell fluid over a linearly stretching sheet.
•
The effects of Powell-Eyring fluid parameters on velocity and stress profiles are quite opposite.
The roots of the RLFs were used in the interval [0, ∞) as collocation points to solve the equation and do not reform the problem to a finite domain. • An approximation of the optimal value of L is calculated in the rational Legendre functions RP • This method is a good experience and method for the other sciences. 
A The quasilinearization method
Most algorithms for solving nonlinear equations or systems of equations are variations of Newton's method. When we apply the collocation method for solving a nonlinear differential equation, the result is a nonlinear system of algebraic equations. The aim of the quasilinearization method (QLM) pioneered by Bellman and Kalaba [27] for solving the n-order nonlinear differential equations in N dimensions as the limit of a sequence of linear differential equations. The general properties of the method, particularly its uniform and quadratic convergence, which often also is monotonic [26] . The QLM is easily understandable since there is no difficult technique for obtaining the general solution of a nonlinear equation in terms of a finite set of particular solutions. To know how the QLM works, imagine that we have one nonlinear ordinary differential equation in one variable on the interval [0, b] as [26, 27] :
with n boundary conditions 
